Coordinate descent is one of the most popular approaches for solving Lasso and its extensions due to its simplicity and efficiency. When applying coordinate descent to solving Lasso, we update one coordinate at a time while fixing the remaining coordinates. Such an update, which is usually easy to compute, greedily decreases the objective function value. In this paper, we aim to improve its computational efficiency by reducing the number of coordinate descent iterations. To this end, we propose a novel technique called Successive Ray Refinement (SRR). SRR makes use of the following ray continuation property on the successive iterations: for a particular coordinate, the value obtained in the next iteration almost always lies on a ray that starts at its previous iteration and passes through the current iteration. Motivated by this ray-continuation property, we propose that coordinate descent be performed not directly on the previous iteration but on a refined search point that has the following properties: on one hand, it lies on a ray that starts at a history solution and passes through the previous iteration, and on the other hand, it achieves the minimum objective function value among all the points on the ray. We propose two schemes for defining the search point and show that the refined search point can be efficiently obtained. Empirical results for real and synthetic data sets show that the proposed SRR can significantly reduce the number of coordinate descent iterations, especially for small Lasso regularization parameters.
Introduction
Lasso [12] is an effective technique for analyzing high-dimensional data. It has been applied successfully in various areas, such as machine learning, signal processing, image processing, medical imaging, and so on. Let X = [x 1 , x 2 , . . . , x p ] ∈ R n×p denote the data matrix composed of n samples with p variables, and let y ∈ R n×1 be the response vector. In Lasso, we compute the β that optimizes 
where the first term measures the discrepancy between the prediction and the response and the second term controls the sparsity of β with 1 regularization. The regularization parameter λ is nonnegative, and a larger λ usually leads to a sparser solution.
Researchers have developed many approaches for solving Lasso in Equation (1) . Least Angle Regression (LARS) [3] is one of the most well-known homotopy approaches for Lasso. LARS adds or drops one variable at a time, generating a piecewise linear solution path for Lasso. Unlike LARS, other approaches usually solve Equation (1) according to some prespecified regularization parameters. These methods include the coordinate descent method [4, 18] , the gradient descent method [1, 16] , the interior-point method [6] , the stochastic method [11] , and so on. Among these approaches, coordinate descent is one of the most popular approaches due to its simplicity and efficiency. When applying coordinate descent to Lasso, we update one coordinate at a time while fixing the remaining coordinates. This type of update, which is easy to compute, can effectively decrease the objective function value in a greedy way.
To improve the efficiency of optimizing the Lasso problem in Equation (1), the screening technique has been extensively studied in [5, 8, 10, 13, 15, 19] . Screening 1) identifies and removes the variables that have zero entries in the solution β and 2) solves Equation (1) by using only the kept variables. When one is able to discard the variables that have zero entries in the final solution β and identify the signs of the nonzero entries, the Lasso problem in Equation (1) becomes a standard quadratic programming problem. However, it is usually very hard to identify all the zero entries, especially when the regularization parameter is small. In addition, the computational cost of Lasso usually increases as the the regularization parameter decreases. The computational cost increase motivates us to come up with an approach that can accelerate the computation of Lasso for small regularization parameters.
In this paper, we aim to improve the computational efficiency of coordinate descent by reducing its iterations. To this end, we propose a novel technique called Successive Ray Refinement (SRR). Our proposed SRR is motivated by an interesting ray-continuation property on the coordinate descent iterations: for a given coordinate, the value obtained in the next iteration almost always lies on a ray that starts at its previous iteration and passes through the current iteration. Figure 1 illustrates the ray-continuation property by using the data specified in Section 2. Motivated by this ray-continuation property, we propose that coordinate descent be performed not directly on the previous iteration but on a refined search point that has the following properties: on one hand, the search point lies on a ray that starts at a history solution and passes through the previous iteration, and on the other hand, the search point achieves the minimum objective function value among all the points on the ray. We propose two schemes for defining the search point, and we show that the refined search point can be efficiently computed. Experimental results on both synthetic and real data sets demonstrate that the proposed SRR can greatly accelerate the convergence of coordinate descent for Lasso, especially when the regularization parameter is small.
Organization The rest of this paper is organized as follows. We introduce the traditional coordinate descent for Lasso and present the ray-continuation property that motivates this paper in Section 2, propose the SRR technique in Section 3, discuss the efficient computation of the refinement factor that is used in SRR in Section 4, conduct , and passes through the current iteration, α k i . For numerical details of plot (a) and plot (b), see Table 1 and Table 2. an eigenvalue analysis on the proposed SRR in Section 5, and compare SRR with related work in Section 6. We report experimental results on both synthetic and real data sets in Section 7, and we conclude this paper in Section 8.
Notations Throughout this paper, scalars are denoted by italic letters and vectors by bold face letters. Let · 1 denote the 1 norm, let · 2 denote the Euclidean norm, and let · ∞ denote the infinity norm. Let x, y denote the inner product between x and y. Let a superscript denote the iteration number, and let a subscript denote the index of the variable or coordinate. We assume that X does not contain a zero column; that is, x i 2 = 0, ∀i.
Coordinate Descent For Lasso
In this section, we first review the coordinate descent method for solving Lasso, and then analyze the adjacent iterations to motivate the proposed SRR technique.
Let β k i denote the ith element of β, which is obtained at the kth iteration of coordinate descent. In coordinate descent, we compute β k i while fixing β j = β k j , 1 ≤ j < i, and β j = β k−1 j , i < j ≤ p. Specifically, β k i is computed as the minimizer to the following univariate optimization problem:
It can be computed in a closed form as:
where S(·, ·) is the shrinkage function
Let r
denote the residual obtained after updating β
With Equation (4), we can rewrite Equation (2) as
).
In addition, with the updated β k i , we can update the residual from r
Algorithm 1 illustrates solving Lasso via coordinate descent. Since the non-smooth 1 penalty in Equation (1) is separable, the algorithm is guaranteed to converge [14] .
Algorithm 1 Coordinate Descent for Lasso
Input: X, y, λ Output:
4:
Compute
Update residual
end for 8: until convergence criterion satisfied Table 1 : Applying coordinate descent in Algorithm 1 to solving Lasso in Equation (1) with λ = 0. Since λ = 0 and X is invertible, the optimal function value is 0. We demonstrate Algorithm 1 using the following randomly generated X and y: 
We show the iterations of coordinate descent for Lasso with λ = 0 in Table 1 and Figure 1 (a) . We set λ = 0 to facilitate the eigenvalue analysis in Section 5. Note that the results reported here also generalize to Lasso, because if we know the sign of the optimal solution β * , the nonzero entries of β * can be solved by the following equivalent convex smooth problem:
where
It can be observed from the results in Table 1 and Figure 1 (a) that we can obtain an approximate solution with a small objective function value within a few iterations. However, achieving a solution with high precision takes quite a few iterations for this example. More interestingly, for a particular coordinate, the value obtained in the next iteration almost always lies on a ray that starts at its previous iteration and passes through the current iteration. To show this, we compute α k i that satisfies the following equation: For a particular iteration number k, if α k i = α, ∀i, we can easily achieve β k+1 = αβ k−1 + (1 − α)β k without needing to perform any coordinate descent iteration. This motivated us to come up with the successive ray refinement technique to be discussed in the next section.
Successive Ray Refinement
In the proposed SRR technique, we make use of the ray-continuation property shown in Figure 1 , Table 1, and Table 2 . Our idea is as follows: To obtain β k+1 , we perform coordinate descent based on a refined search point s k rather than on its previous solution β k . We propose setting the refined search point as: 
based on the results obtained in Table 1 . All the α where h k is a properly chosen history solution, β k is the current solution, and α k is an optimal refinement factor that optimizes the following univariate optimization problem:
The setting of h k to one of the history solutions is based on the following two considerations. First, we aim to use the ray-continuation property to reduce the number of iterations. Second, we need to ensure that the univariate optimization problem in Equation (12) can be efficiently computed. We discuss the computation of Equation (12) The proposed SRR technique. The search point s k lies on the ray that starts from a properly chosen history solution h k and passes through the current solution β k , and meanwhile it achieves the minimum objective function value among all the points on the ray, optimizing Equation (12) . Figure 2 illustrates the proposed SRR technique. When α k = 1, we have s k = β k ; that is, the refined search point becomes the current solution β k . When α k = 0, we have s k = h k ; that is, the refined search point becomes the specified history solution h k . However, our next theorem shows that s k = h k because α k is always positive. In other words, the search point always lies on a ray that starts with the history point h k and passes through the current solution β k .
Theorem 1 Assume that the history point h k satisfies
Then, α k that minimizes Equation (12) is positive. In addition, if
Proof It is easy to verify that g(α) is convex. Therefore, α k that minimizes Equation (12) has at least one solution. Equation (13) leads to
Therefore, the global refinement factor α k = 0. Next, we show that α k cannot be negative.
If α k < 0, due to the convexity of g(α), we have
, we have
Making use of Equation (14), we have g(1) < g(α k ). This contradicts the fact that α k minimizes Equation (12) . Therefore, α k is always positive.
is strongly convex and thus α k is unique. This ends the proof of this theorem.
For coordinate descent, the condition in Equation (13) always holds, because the objective function value keeps decreasing. The selection of an appropriate h k is key to the success of the proposed SRR, and the following theorem says that if h k is good enough, the refined search solution s k is an optimal solution to Equation (1).
Theorem 2 Let β * be an optimal solution to Equation (1). If
for some positive γ, s k achieved by SRR in Equation (11) satisfies f (s
Proof When setting α k = γ, we have s k = β * under the assumption in Equation (17) . Therefore, with the SRR technique, we can obtain a refined solution s k that is an optimal solution to Equation (1) .
In the following subsections, we discuss two schemes for choosing the history solution h k . Figure 3 : Illustration of the proposed SRRC technique. s k is the refined search point and β k+1 is the point that is obtained by applying coordinate descent (CD) based on the refined search point s k . In this illustration, it is assumed that the optimal refinement factor α k is larger than 1. When α k ∈ (0, 1), s k lies between s k−1 and β k .
Successive Ray Refinement Chain
In the first scheme, we set
That is, the history point is set to the most recent refined search point. Figure 3 demonstrates this scheme. Since the generated points follow a chain structure, we call this scheme the Successive Ray Refinement Chain (SRRC). In SRRC, s k−1 , β k , and s k lie on the same line. In addition, coordinate descent (CD) controls the direction of the chain. In this illustration, it is assumed that the optimal refinement factor α k is larger than 1 in each step. According to Theorem 1,
In Algorithm 2, we apply the proposed SRRC to coordinate descent for Lasso. Compared with the traditional coordinate descent in Algorithm 1, the coordinate update is based on the search point s k−1 rather than on the previous solution β k−1 . When α k in line 9 of Algorithm 2 is set to 1, Algorithm 2 becomes identical to Algorithm 1. Table 3 illustrates Algorithm 2 with the same input X and y that are used in Table 1. Comparing Table 3 with Table 1 , we can see that the number of iterations can be significantly reduced with the usage of the SRRC technique. Specifically, to achieve a function value of below 10 −3 , the traditional coordinate descent takes 10 iterations, whereas the one with the SRRC technique takes 7 iterations; to achieve a function value below 10 −4 , the traditional coordinate descent takes 29 iterations, whereas the one with the SRRC technique 14 iterations; and to achieve a function value below 10 −8 , the traditional coordinate descent takes 103 iterations, whereas the one with the SRRC technique takes 16 iterations.
As can be seen from Figure 3 , we generate two sequences: {s k } and {β k }. At iteration k, the SRRC technique is very greedy in that it constructs the search point s k by using the two existing points s k−1 and β k to achieve the lowest objective function
Algorithm 2 Coordinate Descent plus SRRC (CD+SRRC) for Lasso
Obtain
end for
if convergence criterion not satisfied then 9:
Set
end if 13: until convergence criterion satisfied k+1 is the point obtained by applying coordinate descent (CD) based on the refined search point s k . In this illustration, it is assumed that the optimal refinement factor α k is larger than 1. When α k ∈ (0, 1), s k lies between β k−1 and β k .
value. If the search point s k−1 is dense at some iteration number k and α k = 1, it can be shown that s k is also dense. This is not good for Lasso, which usually has a sparse solution. Interestingly, our empirical simulations show that Algorithm 2 can set α k = 1 in some iterations, leading to a sparse search point.
Successive Ray Refinement Triangle
In the second scheme, we set Figure 4 demonstrates this scheme. Since the generated points follow a triangle structure, we call this scheme the Successive Ray Refinement Triangle (SRRT). SRRT is less greedy compared to SRRC because β k−1 leads to a higher objective function value than s k−1 leads to. However, SRRT can sometimes outperform SRRC in solving Lasso. Algorithm 3 shows the application of the proposed SRRT technique to coordinate descent for Lasso. Similar to Algorithm 2, if α k in line 9 is set to 1, Algorithm 3 reduces to the traditional coordinate descent in Algorithm 1. Table 4 illustrates Algorithm 3. Similar to SRRC, SRRT greatly reduces the number of iterations used in coordinate descent for Lasso.
Convergence of CD plus SRR
In this subsection, we show that both the combination of CD and SRRC (CD+SRRC) and the combination of CD and SRRT (CD+SRRT) are guaranteed to converge.
Theorem 3 For the sequence
. . generated by CD+SRRC and CD+SRRT, the objective function value is monotonically decreasing until convergence; that is, for i = 1 to p do
5:
end if 13: until convergence criterion satisfied In addition, if f (s k−1 ) = f (β k ), we have s k−1 = β k and β k is an optimal solution; that is,
Therefore, we have lim
Proof β k is computed by applying coordinate descent based on s k−1 ; that is,
or equivalently
Therefore, we have
for all i.
As a result, if the equality in Equation (25) holds, we have β
. Recursively applying Equation (25), we have the following two facts:
which leads to x
Since β * is an optimal solution to Equation (1) if and only if
it follows from Equation (27) that β k is an optimal solution to Equation (1).
is guaranteed by the univariate optimization problem in Equation (12) . Therefore, the sequence {f (β k )} is decreasing. Meanwhile, the squence {f (β k )} has a lower bound min β f (β). According to the well-known monotone convergence theorem, we have Equation (22).
This completes the proof of this theorem.
Efficient Refinement Factor Computation
In this section, we discuss how to efficiently compute the refinement factor α k in Equation (12) . The function g(α) can be written as:
where r is strongly convex in α, and α k , the minimizer to Equation (12), is unique. When λ = 0, Equation (12) has a nice closed form solution,
Next, we discuss the case λ > 0. The subgradient of g(α) with regard to α can be computed as
Compute α k is a root-finding problem. According to Theorem 1, we have α k > 0. Next, we consider only α > 0 for ∂g(α). We consider the following three cases:
and we have (β
(34) Figure 5 : Illustration of ∂g(α). When λ > 0, it is a non-continuous piecewise linear monotonically increasing function. The intersection between ∂g(α) and the horizontal axis givesα k , the solution to Equation (12) .
For the first two cases, the set SGN( Figure 5 illustrates the function ∂g(α), α > 0. It can be observed that ∂g(α) is a piecewise linear function.
If
An Algorithm Based on Sorting
To compute the refinement factor, one approach is to sort w i as follows: First, we sort w i , i ∈ Ω(h k , β k ), and assume
Second, for j = 1, 2, . . . , |Ω(h k , β k )|, we evaluate ∂g(α) at α = w ij with the following three cases:
1. If 0 ∈ ∂g(w ij ), we have α k = w ij and terminate the search.
2. If an element in ∂g(w ij ) is positive, α k lies in the piecewise line starting α = w ij−1 and ending α = w ij , and it can be analytically computed.
3. If all elements in ∂g(w ij ) are negative, we set j = j + 1 and continue the search.
Finally, if all elements in ∂g(w ij ) are negative when j = |Ω(h k , β k )|, α k lies on the piecewise line that starts at α = w ij . Thus,α k can be analytically computed. With a careful implementation, the naive approach can be completed in O(p + m log(m)), where m = |Ω(h k , β k )|. In Lasso, the solution is usually sparse, and thus m is much smaller than p, the number of variables.
An Algorithm Based on Bisection
A second approach is to make use of the improved bisection proposed in [7] . The idea is to 1) determine an initial guess of the interval [α 1 , α 2 ] to which the root belongs, where all elements in ∂g(α 1 ) are negative and all elements in ∂g(α 2 ) are positive, 2) evaluate ∂g(α) at α = α1+α2 2
and update the interval to [α 1 , α) if all the elements in ∂g(α) are positive or to [α, α 2 ) if all the elements in ∂g(α) are negative, 3) set the value of α to the largest value of w i that satisfy w i < α if all the elements in ∂g(α) are positive or to the smallest value of w i that satisfy w i > α if all the elements in ∂g(α) are negative, and 4) repeat 2) and 3) until finding the root of ∂g(α). With a similar implementation as in [7] , the improved bisection approach has a time complexity of O(p).
An Eigenvalue Analysis on the Proposed SRR
where D is A's diagonal part, L is A's strictly lower triangular part, and U is A's strictly upper triangular part. It is easy to see that
We can rewrite Equation (2) as
where L i: and U i: denote the ith row of L and U , respectively. Therefore, we can write coordinate descent iteration as:
When λ = 0, Equation (41) becomes
which is the Gauss-Seidel method for solving
Equation (43) is also the optimality condition for Equation (1) when λ = 0. Our next discussion is for the case λ = 0 because it is easy to write the linear systems for the iterations.
Let G have the following eigendecomposition:
where ∆ = diag(δ 1 , δ 2 , . . . , δ p ) is a diagonal matrix consisting of its eigenvalues.
Lemma 1
The magnitudes of the eigenvalues of G are all less than or equal to 1; that is,
where σ is an eigenvalue of G with the corresponding eigenvector being z. Note that σ and the entries in z can be complex. Using Equation (36) and Equation (44), we have whereσ denotes the conjugate of σ. Adding Equation (51) and Equation (52) and subtracting z H X T Xz, we have
Since z H Dz > 0 and z H X T Xz ≥ 0, we have
Therefore, we have 1 − |σ| 2 > 0 or equivalently |σ| < 1. This ends the proof of this lemma.
An Eigenvalue Analysis on CD+SRRC
For CD+SRRC in Algorithm 2, when λ = 0 we have
It can be shown that
When k ≥ 2, we denote
is a diagonal matrix and
For discussion convenience, we let Σ 1 = ∆ and
We have
For the traditional coordinate descent in Algorithm 1, α k = 1, ∀k. For the proposed CD+SRRC in Algorithm 2, α k optimizes Equation (12) . For the data used in Table 1 
An Eigenvalue Analysis on CD+SRRT
For coordinate descent with SRRT in Algorithm 3, when λ = 0 we have
When k ≥ 3, it can be shown that
When k = 2, we have
Using the recursion in Equation (68), we can get
Generally speaking, we can write
and c 0 , c 1 , . . . , c k− k/2 are dependent on α 1 , α 2 , . . . , α k−1 . When k = 2, we have
When k = 3, we have
When k = 4, we have
When k = 5, we have
For the coordinate descent with SRRT in Algorithm 3, we have 
Related Work
In this section, we compare our proposed SRR with successive over-relaxation [17] and the accelerated gradient descent method [9] .
Relationship between SRRC and
Successive Over-Relaxation
Successive over-relaxation (SOR) is a classical approach for accelerating the GaussSeidel approach. Our discussion in this section considers only λ = 0, because SOR targets the acceleration of the Gauss-Seidel approach. From Equation (43), we have
The iteration used in successive over-relaxation is:
which can be obtained by plugging β k and β k−1 into Equation (78). Equation (79) can be rewritten as:
For the proposed CD+SRRC in Algorithm 2, when λ = 0 we have
When w = 1 and α k = 1, both SOR and CD+SRRC reduce to the traditional coordinate descent. Equation (79) and Equation (81) share the following two similaries: 1) both make use of the gradient in the recursive iterations in that X T Xβ k−1 − X T y is the gradient of
, and 2) both use a precondition matrix in that SOR uses (wL + D) whereas SRRC uses (L + D). A key difference is that the precondition matrix used in SRRC is parameter-free whereas the one used in SOR has a parameter. As a result, we can perform an inexpensive univariate search to find the optimal α k used in SRRC whereas it is usually expensive for SOR to search for an optimal w in the same way as Equation (12) .
When the design matrix has some special structures, it has been shown in [17] that the optimal value of w can be found for SOR. However, for the general design matrix X, it is hard to obtain the optimal w used for SOR. This might be a major reason that SOR is not widely used in solving Lasso with coordinate descent. For our proposed SRRC, the criterion in Equation (12) enables us to adaptively set the refinement factor α k .
Relationship between SRRT and the Nesterov's Method
The SRRT scheme presented in Figure 4 is similar to the Nesterov's method in that both make use of a search point in the iterations. In addition, both set the search point using
However, the key difference is that the α k used in the Nesterov's method is predefined according to a specified formula, whereas the α k used in SRRT is set to optimize the objective function as shown in Equation (12) . Note that if the Nesterov's method sets the α k to optimize the objective function, it reduces to the traditional steepest descent method thus the good acceleration property of the Nesterov's method is gone. 
Experiments
In this section, we report experimental results for synthetic and real data sets, studying the number of iterations of CD, CD+SRRC and CD+SRRT for solving Lasso. The consumed computational time is proportional to the number of iterations.
Synthetic Data Sets
We generate the synthetic data as follows. The entries in the n×p design matrix X and the n × 1 response y are drawn from a Gaussian distribution. We try the following three settings of n and p: 1) n = 500, p = 1000, 2) n = 1000, p = 1000, and 3) n = 1000, p = 500.
Real Data Sets We make use of the following three real data sets provided in [2] : leukemia, colon, and gisette. The leukemia data set has n = 38 samples and p = 7129 variables. The colon data set has n = 62 samples and p = 2000 variables. The gisette data set has n = 6000 samples and p = 5000 variables.
Experimental Settings For the value of the regularization parameter, we try λ = r X T y ∞ , where r = 0.5, 0.1, 0.05, 0.01. For the synthetic data sets, the reported results are averaged over 10 runs. For a particular regularization parameter, we first run CD in Algorithm 1 until β k − β k−1 2 ≤ 10 −6 , and then run CD+SRRC and CD+SRRT until the obtained objective function value is less than or equal to the one obtained by CD.
Results Table 5 and Table 6 show the results for the synthetic and real data sets, respectively. The last column of each table shows the sparsity of the obtained Lasso solution, which is defined as the number of zero entries in the solution divided by the number of variables p. Figure 6 visualizes the results in these two tables. We can see that when the solution is very sparse (for example, λ = 0.5 X T y ∞ ), the proposed CD+SRRC and CD+SRRT consume comparable number of iterations to the traditional CD. The reason is that the optimal refinement factor computed by SRR in Equation (12) is equal to or close to 1, and thus CD+SRRC and CD+SRRT is very close to the traditional CD. Note that a regularization parameter λ = 0.5 X T y ∞ is usually too large for practical applications because it selects too few variables, and we usually need to try a smaller λ = r X T y ∞ for example, r = 0.01. It can be observed that the proposed CD+SRRC and CD+SRRT requires much fewer iterations, especially for smaller regularization parameters.
Conclusion
In this paper, we propose a novel technique called successive ray refinement. Our proposed SRR is motivated by an interesting ray-continuation property on the coordinate descent iterations: for a particular coordinate, the value obtained in the next iteration almost always lies on a ray that starts at its previous iteration and passes through the current iteration. We propose two schemes for SRR and apply them to solving Lasso with coordinate descent. Empirical results for real and synthetic data sets show that the proposed SRR can significantly reduce the number of coordinate descent iterations, especially when the regularization parameter is small. synthetic (n = 500, p = 1000) synthetic (n = 1000, p = 1000) synthetic (n = 1000, p = 500) leukemia (n = 38, p = 7129) colon (n = 62, p = 2000) gisette (n = 6000, p = 5000) Figure 6 : Number of iterations used by CD, CD+SRRC, and CD+SRRT on synthetic and real data sets. For all the plots, the x-axis corresponds to the regularization parameter r = λ X T y ∞ and the y-axis denotes the number of iterations in a logarithmic scale by different approaches.
